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ABSTRACT 

In this letter we consider higher-dimensional Yang-Mills theories and examine their con- 
sistent coset space dimensional reduction. Utilizing a suitable ansatz and imposing a simple 
set of constraints we determine the four- dimensional gauge theory obtained from the reduc- 
tion of both the higher- dimensional Lagrangian and the corresponding equations of motion. 
The two reductions yield equivalent results and hence they constitute an example of a con- 
sistent truncation. 



1 Introduction 



The first attempt to unify interactions tlirougli liiglier dimensions and dimensional reduction 
was made by Nordstrom [T[ |2] even earlier than the celebrated work of Kaluza and Klein 
[3l H] . The Kaluza-Klein proposal was to unify gravity and electromagnetism by considering 
five-dimensional gravity dimensionally reduced on a circle down to four dimensions. Com- 
pactification of higher- dimensional gravity was studied further by Pauli [5], who assumed 
a 2-sphere as the extra-dimensional space, and later by DeWitt [B]. One implication of 
considering internal spaces with non-abelian isometry is that Yang-Mills fields appear nat- 
urally in lower dimension^^. As a result, a revival of interest in the Kaluza-Klein proposal 
was inspired by the hope that a geometrical unification of gravity with the other observed 
non-abelian gauge interactions could be achieved [8]. 

However, this ambitious program met also serious obstacles. The most serious, plaguing 
all attempts of constructing realistic theories, was the inability to obtain chiral fermions 
in four dimensions [H]. Fortunately, there is a very interesting resolution to this problem 
achieved by adding Yang-Mills fields to the original higher-dimensional theory pUl [TT] . 
Introducing non-Abelian gauge fields in higher dimensions is also welcome for another reason; 
it provides a potential unification of the low-energy gauge interactions as well as of the gauge 
and the Higgs fields. Concerning the latter we should recall that the celebrated Standard 
Model of elementary particle physics has obvious limitations due to the presence of a plethora 
of free parameters mostly related to the ad-hoc introduction of the Higgs and Yukawa sectors 
in the theory. 

The Coset Space Dimensional Reduction (CSDR) [121 [131 [E] was suggesting from the 
beginning that a unification of the gauge and Higgs sectors can be achieved using higher 
dimensions. In the CSDR scheme one assumes that the space-time is of the form = 
X S/R with S/R being a homogeneous coset space. Then a gauge theory with gauge 
group G defined on can be dimensionally reduced to M'^ in an elegant way by employing 
the symmetries of S/ R. The resulting four- dimensional gauge group is a subgroup of G and 
the four-dimensional gauge and Higgs fields are simply the surviving components of the 
gauge fields of the pure higher-dimensional gauge theory. 

Upon introducing fermions [10] the four- dimensional Yukawa and fermion-gauge interac- 
tions find a unified description in the gauge interactions of the higher-dimensional theory. 
In this vein, another appealing feature of the CSDR is the observation that utilizing non- 
symmetric coset spaces leads to softly broken supersymmetric theories [15]. Let us finally 
mention that a first step towards embedding the CSDR in string theory was taken in ref. [16] 
where it was shown that six- dimensional nearly-Kiihler coset spaces provide internal spaces 

^ A nice review of these developments can be found in ref. [7]. 
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for supersymmetric heterotic string compactifications in the presence of fluxes and conden- 
sates. 

An important point, which has been raised by a number of authors (e.g. [E]), concerns 
the consistency of the various reduction schemes. It is therefore natural to ask if the CSDR is 
consistent. A consistent reduction scheme of higher- dimensional theories over a unimodular 
group manifold S was discovered by Scherk and Schwarz using the ansatz that the metric 
and the various spacetime fields are invariant under either the left or the right translations of 
the group A similar ansatz was employed in ref. [19] for the reduction on a coset space 
S/ R and one of the goals of this work was to obtain the CSDR constraints from the Einstein- 
Yang-Mills equations of motion. It should be emphasized that there is no known recipe for 
obtaining consistent coset reductions neither a systematic understanding of the conditions 
under which such a reduction occurs. In the very few existing examples of consistent coset 
reductions there is very little conceptual understanding of the underlying reasons for the 
consistency but the detailed calculation itself. Some examples can be found in refs. [T71 [21] 
and in the references therein. 

Recently the concepts of truncation and reduction as well as the criteria for consistency 
were re-examined and analyzed [20l [7] . The upshot is that if we consider a theory described 
by a Lagrangian £ as the starting point, then, for a certain number of dimensions of space- 
time we can perform a truncation of £ by essentially two methods: 

(a) first type: ordinary Kaluza-Klein dimensional reduction where only the massless 
modes are kept, 

(b) second type: by introducing constraints that reduce the number of independent fields 
- or field components - defining the theory. 

These two procedures are usually applied simultaneously and constitute the concept of 
dimensional reduction. In both cases we are performing a truncation in the field content of 
the theory, either because Kaluza-Klein modes are eliminated in the dimensional reduction 
or because some field components are rendered redundant due to the presence of constraints. 
The consistency of such a truncation is decided by examining whether solutions of the equa- 
tions of motion of the reduced Lagrangian Cr are still solutions of the equations of motion 
of the original Lagrangian C This property is expressed graphically as the commutativity 
of the following diagram: 



Red. 



e.o.m. 



e.o.m. 




Red. 



V<5$^ ^ ^ 5<S> ^ 
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A proper definition is the following: a truncation is said to be consistent when its imple- 
mentation at the level of the variational principle agrees with its implementation at the level 
of the equations of motion, i.e., if these operations commute: first truncate the Lagrangian 
and then obtain the equations of motion (e.o.m.) or first obtain the e.o.m. and then truncate 
them. 

Concerning truncations of the second type, i.e. driven by the introduction of constraints, 
the outcome of the analysis of j20l [7] is that a mechanism parallel to that of the Dirac- 
Bergmann theory of constrained systems applies. In general, the presence of secondary 
constraints - dynamically derived from the original (primary) ones - is a typical obstruction 
to the consistency of the truncation. In this letter we prove that the coset space dimensional 
reduction of [13] is an example of a truncation of the second type and that it is consistent 
in the sense explained earlier. In particular no new constrains are needed for the reduction 
of the higher-dimensional equations of motion besides the ones necessary for the proper 
reduction of the Lagrangian. 

2 Reduction on coset spaces: brief reminder 
2.1 Geometry of coset spaces 

The geometry of coset spaces S/ R relevant for our purposes is presented in refs. [221 E3] • 
Let the coordinates of the Lie group S be (y", z*) with being the coset coordinates and 
being the coordinates of the R subgroup. Then a group element s E S can be represented 
as s ~ ^y'^Qa^z^Qi g^^^j coset representative is L{y) = e^"*^". The Maurer-Cartan 1-form is 
defined by e{y) = L~^{y)dL and is the analogue of the left-invariant 1-form on a Lie group 
S. It takes values in Lie{S), i.e. the Lie algebra of S: 

e{y) = e^QA = e''Qa + eU, (2.1) 

where A is a group index, e"^ is the coframe and e* is the /^-connection. The latter can be 
expanded in coset vielbeins as e* = e^(|/)e". The exterior derivative of the Maurer-Cartan 
1-form is 

de = d{L-^dL) = -eAe = -[e,e], (2.2) 
from which we can easily prove that 

^e^ = -^/ice^Ae^. (2.3) 

We will assume, for reasons analyzed in detail in ref. [22], that the coset is reductive. 
That means that the commutation relations obeyed by the generators of S are not the most 
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general ones but they take the form 



[Qi, Qj] — fijQk, 



[Qi, Qa] — fiaQb, 
[Qa,Qb] = ra,Qc + f:,Qr, (2.4) 



implying that fl^ = 0. Now (12.31) can be written as 

de^ = —K^e' A - f^,e' A e\ (2.5) 
de' = -lf:,e'^Ae'-^f;,e^ Ae' (2.6) 
and from eq. (12.51) we can obtain the Maurer-Cartan equations for the coset vielbeins 

de- = -^C^Me'Ae% C;^, = fl - 2e\,^,. (2.7) 

It is straightforward to verify the following identities that we will frequently use in the 
ensuing 

e'^ A *de'' = d^^vold, (2.8) 
d*de'' = Cl{y)voh, (2.9) 
A *rf(e^ A e") = d"" *d - *d e", (2. 10) 

d u {e^ A e') = i^e^C:, - {*e')Cl, - C:,{*e% (2.11) 

In these formulas void is the volume form of the coset. Notice that the tangent coset indices 
a,b, . . . are raised and lowered by 6 at and hence upper and lower such indices are equivalent. 
Finally, let us mention that there exist S'-invariant metrics on S/ R. An example is 

g{y)=1abe%y)e\y), (2.12) 

where 'jab is the Killing metric of the group restricted on the coset S/ R. The Killing vectors 
associated with the left isometry group S will be denoted by Xj. 

2.2 Reduction on group manifolds and coset spaces 

Before we describe the Coset Space Dimensional Reduction (CSDR) scheme, let us recall 
that the ansatz for the Scherk-Schwartz reduction [18] of higher- dimensional gauge field A 
on a group manifold S is 

A = A^dxf" + Ai{x)e\y), (2.13) 
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with 1=1,..., dimS' and being the left-invariant 1-forms. Hence, in this type of reduction 
on group manifolds we keep only the Gl singlets under the full isometry group Gl x G/j of 
G. This truncation can be described by the following invariance condition: 

CxiA = 0, (2.14) 

with being the Killing vectors dual to the right-invariant l-formJ§. The Scherk-Schwarz 
reduction of the metric is performed by enforcing a similar invariance condition 

CxigMN = 0. (2.15) 

In the CSDR one allows a generalized invariance condition 

Cx'A = DWi, (2.16) 

with Wj being a gauge transformation parameter associated to the Killing vector Xj. The 
invariance condition for the reduction of the metric is the same as in the group manifold 
case since the metric is gauge singlet. The generalized invariance condition 

Cxi A = ixidA + dixiA = DWi = dWi + [A, W], (2.17) 

together with the consistency condition 

[Cxi,-^xj] = ^ixi,xJ], (2-18) 

impose constraints on the gauge field. The detailed analysis of the constraints (I2.17P and 
(I2.18P given in refs. [131 [T3] provides us with the four- dimensional unconstrained fields as well 
as with the residual gauge invariance of the lower-dimensional theory. 

3 CSDR of Yang-Mills theory 
3.1 Gravity background 

The question of compatibility of the CSDR constraints with the equations of motion was 
originally raised in [19]. In this letter we revisit this question in light of the recent analysis 
of [201 E]. 

We begin by examining a D-dimensional Einstein- Yang-Mills Lagrangian 

C = R*d1- ^TrF(2) A *dF^2) - \d) *d 1, (3.1) 
^Recall that the right-invariant vector fields generate left-translations. 
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where 

F(2) = + Ai(i), 

is a non-Abelian gauge field strength taking values in the Lie algebra of a group G. R is 
the curvature scalar and A(z)) is the cosmological constant in Z^- dimensions. We distinguish 
the higher- dimensional fields from the four- dimensional ones by putting hats on them. The 
equations of motion are 

1-2 1 "2 1 

Rmn = -;^^{Fmn ^ g-^ (Jmn) + -^\D)gMN, (3.2) 
D{*dF^2)) = 0. (3.3) 

We will perform a reduction on a spacetime of the form M4 x S/R where M4 is the four- 
dimensional Minkowski spacetime and S/R is a compact coset space of dimension d = D — 4. 
This background is described by a metric of the forn|§ 

9iD) = Vmne"'e'' + 7abe''e\ (3.4) 

where rjmn is the flat Minkowski metric and '-fab is an S'-invariant metric on the coset S/R 
satisfying (12.151) . From the metric (13. 4p and using the vielbeins constructed from the Maurer- 
Cartan 1-form on the coset S/R we can compute the Ricci curvature and Ricci scalar. The 
Einstein equations (13.21) take the form 

^TrFabF^' = Ap), (3.5) 

and 

TrF^, = Ri^d)lab, (3.6) 

where A^) is the higher- dimensional cosmological constant and R(^d) is the scalar curvature 
of the internal space. Let us note that the complete elimination of the Kaluza-Klein gauge 
fields as well as of the scalar moduli is a well-known consistent truncation of gravity on coset 
spaces [2D]- We plan to examine a more general reduction scheme of gravity on cosets in 
future work 



3.2 Reduction of the action 

The reduction ansatz for the gauge fields is 

A\x,y)=A\x) + ^^{x,y)dy-, (3.7) 

^ We denote tangent spacetime indices by m, n, . . . and curved ones by ^,v, . . ., tangent coset indices by 
a,b, . . . and curved ones by a, /3, . . ., while for the fuU group S tangent indices are denoted by /, J, . . . and 
curved ones hy A, B, . . .. Indices on the subgroup R are denoted by i, j, . . ..Finally, the spacetime coordinates 
are while those of the coset space are y". 
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where 

xi{x,y)=<jy'Aix)e^{y) (3.8) 

and / is a Lie algebra index / = !,..., dimG. This formally looks exactly the same as the 
reduction ansatz on group manifolds. The objects take values in the Lie algebra of G 

and are coordinate scalars in four dimensions that can be interpreted as Higgs fields. The 
ansatz solves the generalized symmetry condition (12.161) provided we can embed in G as 
explained in refs. [131 El- 

Next we substitute the above ansatz into the action and subsequently into the equations 
of motion. The gauge field can be written as 

A' = A' + 0^e^, (3.9) 

and the corresponding field strength is 



= dA^ + ]^fjf:A^ A A^ (3.10) 



with fj^ being the structure constants of the higher-dimensional gauge group G. 



Using (12.31) we compute 



= + Dcl>\ A - ^F^^e^ A e^, (3.11) 



where 



F' = dA^ + ^fj^A' AA^, (3.12) 
D<p{ = d<p{ + fl^AUf, (3.13) 
fIb = fAB<Ph - I^aAbY ■ (3.14) 

Note that we obtain (13.111) . which admits gauge invariant constraints, provided we use the 
ansatz (13. 9p . Had we used an ansatz of the form A^x, y) = A^x) + 0^(a;)e", then instead of 
structure constants f^^j we would have obtained the tensors C^^{y) which are functions of y. 

Next we will insert eq. (13.111) in (13. ip therefore obtaining the effective four- dimensional 
action and the CSDR constraints. To compute the higher-dimensional Yang-Mills action 

S=-^jTrFA*DF, (3.15) 

we need to Hodge-dualize eq. (13. lip to 

*^ = *^F' A void + *4D^{ A *de^ - ^FabvoU A *d{e^ A e^). (3.16) 



7 



In this formula f 0/4 is the volume form of the four- dimensional spacetime while *4 and *d 
denote the Hodge duality operation in spacetime and the coset respectively. 

Inserting (13. lip and (13.161) in (13.151) we obtain the four-dimensional Lagrangian 

C = -\TrF A + ]^TrD<Pa A nD<Pa - ^^,^^0/4, (3.17) 
provided we impose the CSDR constraints: 

d4 = fI = fI = Q. (3.18) 
Explicitly the constraints (I3.18P reacj^ 



lb 



U'<Pc-[<PiAh]=^. (3.19) 



F^3 = 4Vfc-[0i,0,] = O, (3.20) 



as well as 



[A^,0,]=O. (3.21) 

The last equation comes from assuming constant values for the scalars as dictated 
by Lorentz invariance. Notice that Fab depends on 0j and in (I3.17P the latter are set to their 
constant values which are determined by (I3.20p . 

3.3 Four-dimensional gauge group and spectrum 

At this point let us briefly explain how the above constraints determine the four-dimensional 
gauge group and the spectrum. Eq. (13.201) implies that the extra components (pi are gener- 
ators of R. Furthermore we assume that i? is a Lie subgroup of G. Then from (I3.2ip we 
conclude that the four- dimensional gauge fields have to commute with the generators of 
the R subgroup of G. In other words, the gauge group in four dimensions H is the centralizer 
of the embedding of i? in G: H = Cg{R)- 

The fields (paix) are scalars in four dimensions. From (13.191) we see that these fields 
transform under R vector V 

Sd R, adjS = adjR + v, (3.22) 

and furthermore that the (f)a{x) are intertwining operators connecting induced representa- 
tions of R acting on G and S/R. This implies, exploiting Schur's lemma, that the trans- 
formation properties of the fields 0a under H can be deduced if we express the adjoint 
representation of G in terms of R x H : 

Gd R, adjG = {adjR, 1) + (1, adjH) + ^(r^, hi). (3.23) 



*In order to avoid cluttering we will occasionally suppress the Lie algebra indices. 
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Then if f = ^Sj, where each Sj is an irreducible representation of R, we obtain an hi 
multiplet of scalars (pa for every pair (r^, Sj) with and Sj being identical irreducible repre- 
sentations of R. 

3.4 Reduction of the equations of motion 

Next we examine the reduction of the higher-dimensional equations of motion. Since we have 
imposed constraints the consistency of this reduction is not guaranteed by the consistency 
of the reduction of the higher-dimensional Lagrangian [20]. Our final result will be that the 
diagram presented in the introduction is commutative, thereby proving the consistency of 
the CSDR scheme. 

The higher-dimensional Yang-Mills equation is 

D *o = d *D + fj^A^ A *dF^ = 0. (3.24) 

Substituting the reduction ansatz (13.91 13.16P into (I3.24p we obtain 

D *4 A void - fj^cpi *4 D(l)% A A *de^ - *AD(t)\ A *d = (3.25) 

and 

D*^D(t){A*de^ -]^f Jf^(t){F§cVoh^e'' ^*d{e'' ^e'')-^Fl^^^ = 0. (3.26) 

Using these relations and imposing the same constraints (13.181) we used earlier in the 
reduction of the Lagrangian, we obtain the equations of motion for the four-dimensional 
gauge fields and scalars: 

D*,F~^ = fjji<l>inD<l>^, (3.27) 

DHD<pi = -(/j^^fFf + ^F,J,,Jt;o/4. (3.28) 

These are the equations of motion for a Yang-Mills theory coupled to charged scalars with 
a non-trivial potential as described by the Lagrangian (I3.17p . Therefore the consistency of 
the truncation is verified. 

In order to deduce (13.271) from (13.250 we have to show that the extra terms 

- f jj,(t>i *4 D<pf A ele'^ A *,e' - ^^Dct/^ Ad^^e" (3.29) 

cancel out. First we notice that if S is unimodular, i.e. it has traceless structure constants 
Iab = 0) the coset is reductive we have f^h = 0. Then from ( 12.70 and ( 12. 9p we find 
d*de°' = —elfaiVold- Subsequently (13.290 becomes 

*4 {fLD^Pi - f jj^cPiDcP^y, A void = n{DFl)ei A void = (3.30) 
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where we have used the constraints D(f)j = and Fn, = 0. 
In order to derive (13.281) from (13.261) we write the terms 

- ^fj^<piFivoh A A *,{e' A e^) - ^^^0/4 Ad*, {e' A e^) 



(3.3i; 



and show that they equal the second term at the right-hand side of (13.28^ . Using (12. 7p . 
(I2.10p and (12.111) we can re-write them as 



voh A *e'^ 



voL A 



^ab^afbi + ^cb^afbi + 2^o.bfab 



1 



The last term in this formula contributes to the equation of motion (13.28^ while the rest 
cancel out. The cancellation is due to the identity 



FabY - fia^cb + fib^c 



c T7I 

ac 



(3.32) 



that holds as a consequence of the constraint [(pi, (paY = fib'Pi and the definition of F/^ = 
fab4>i + fab'Pi ~ [0a, (pbY : providcd that we use the Jacobi identity and assuming that the 
structure constants /abc of the Lie group S are completely antisymmetric and that the coset 
S/ R is reductive. 

3.5 Bianchi identities 

To conclude our analysis we examine the higher- dimensional Bianchi Identity 



DF^ = dP^ + fj^A^ A F 



K 



0. 



Substituting the reduction ansatz (13.91) and (13.111) into eq. (13.331) we obtain 



dF'^ + flf^A^ A F 



K 



0, 



dDcl>\ A + fj^A' A D^f A - /j^^iF^ A = 0, 
kFinfnc - lyiFEcV A A = 0. 



(3.33) 

(3.34) 
(3.35) 
(3.36) 

(3.37) 



These equations, after imposing the constraints (13.181) and utilizing the Jacobi identities for 
the structure constants, yield 

• the Bianchi identity for the four- dimensional gauge field DF = 0, 

• the Bianchi identity for the four- dimensional scalars D'^(f) = F A (f). 
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4 Conclusions 



We have studied a particular dimensional reduction scheme of Yang-Mills theories with 
the understanding that there are no general recipes for consistent coset space reductions. 
Utilizing an ansatz inspired by an example of a consistent group manifold reduction, we 
have examined to what extent a coset reduction can be consistent. We demonstrated that 
upon imposing a simple set of constraints, which we identified as the constraints appearing 
naturally in the CSDR reduction scheme, one can reduce in a self-consistent manner both the 
higher-dimensional Lagrangian and the corresponding equations of motion. The next and 
substantially more involved step is to include gravity fluctuations. Work in this direction is 
currently in progress [23]. 
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